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l. Let (sn) be a sequence of real numbers satisfying O.;;;sn< 1, 
(n= l, 2, ... ).Let Ica,b>(x) denote the characteristic function of the interval 
(a, b), O<;;;a<b< l. The sequence (sn) is said to be well distributed if 
holds uniformly in n for every interval (a, b). 
We denote the fractional part of 0 by {0} i.e. {0}=0- [0], where [0] 
is the largest integer contained in 0. 
Let E be a subset of (0, 1) and let the density Ll(a, b) of E in the interval 
(a, b), O<;;;a<b< l, be defined by the following relation 
,..( b)= outer measure (E 1'1 (a, b)) 
LJ a, jb-a! · 
Sets having the same density for every interval in (0, 1) are called homo-
geneous. A necessary and sufficient condition for a measurable set to be 
homogeneous is that its measure be either zero or one. Moreover, if E 
is measurable, Ll(a, b);;;.d>O for all intervals (a, b), then E is homogeneous 
and of measure one; (see KNOPP [2], p. 413, Satz 4). 
This present paper is to complete the problems initiated in [I] and [4]. 
Let (n(k)) be a sequence of real numbers and F(p, m) be the set of <X, 
O<<X< 1, such that 
{n(k)<X}.;;;2-m, k=q+l, ... , q+p 
for some q=q(<X), (m, p= 1, 2, ... ). 
We first prove a lemma. 
Lemma: Let (n(k)) be a sequence of real numbers, 
~~ =r(k)>M>2m+l 
n(k-1) 
00 
where m is a fixed natural number, andE(m) = n F(p,m) then,u(E(m))= l. 
p~l 
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Proof: Let E~c=E~c(m) be the set of ,x for which {n(k),x}.;;;;2-m. This 
set contains the first 2-m portion of each of the intervals 
( 1 ) ( 1 2 ) ([n(k)] -1 [n(k)]) 0
'n(k) ' n(k)' n(k) ' ... , -n(~' n(k) · 
Contained in the interval 
, ( r 2mr+ 1) J (r, n(k)) = n(k)' 2mn(k) , (r< [n(k)]-1) 
there will be found at least [2-mr(k+ 1)]-1 intervals of the form 
( r r+ 1 ) J(r,n(k+1))= n(k+ 1), n(k+ 1); (r.;;;;[n(k+1)]-1) 
for there can be at most two intervals of the form J(r, n(k+ 1)) which 
intersect J'(r, n(k)) but do not lie completely in J'(r, n(k)). Hence, the 
number of intervals of the form J'(r, n(k+ 1)) completely contained in 
E1c is at least 
([2-mr(k + 1)] -1)[n(k)] > 2-m(2-mr(k+ 1)- 2)(n(k)). 
Each of the intervalsJ'(r, n(k+ 1)) in turn contains at least [2-mr(k+ 2)] -1 
intervals of the form J'(r, n(k+2)). It follows that 
contains at least 
2-mn(k+1)(2-mr(k+2)-2) ... (2-mr(k+p)-2) 
intervals of the form J'(r, n(k+p)). This implies that 
( k+:v ) n(k + 1) fh n En ;;.2-2m (2-mr(k+2)-2) ... (2-mr(k+p)-2) n~k+l n(k+p) 
=2-m (2-m_ r(k~2)) ... (2-m_ r(k~p)). 
We have 
2 2 2 M -2m+l 
r(k+s) < M' hence 2-m_ r(k+s) > 2m~ (s=1,2, ... p), 
and 
( k+:v ) (M ')m+l)p-1 fh n En >2-2m 2~~ = O(p). 
n~k+l 
A similar calculation shows 
(1) ( ( k+:v )) O(p) ft J(r, n(k)) n nQ+l En > n (k). 
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The criterion for homogeneous sets of measure one may be simplified 
slightly. If Ll(a, b)>b>O for all intervals (a, b), O<,a<b< 1, then it is 
clear that Ll(a, b)>b/2>0 for all intervals (a, b), O<,a<b<,l. Let (a, b) 
be an interval such that O<,a<b<1; then if k0 is sufficiently large, (a, b) 
will contain intervals of the form J(r, n(ko)), (r< [n(ko)] -1). In fact the 
number of such intervals wholly contained in (a, b) will exceed: 
[ib-ain(ko)]-1. 
This implies, using ( 1) 
J-l(F(p, m) ('\ (a, b))> fl ( c:cL En)('\ (a, b)) 
O(p) 
> ([ib-ain(ko)]-1) n(ko) 
20(p) 
;>O(p)ib-ai- n(ko). 
By choosing n(ko) sufficiently large 
J-l(F(p, m) n (a, b))> O~) ib-ai 
and the density of F(p, m) in any interval is greater than O(p)/2. Therefore 
each F(p, m) is homogeneous and of measure one, (p= 1, 2, ... ). 
It follows that fl(E(m)) = 1 and the proof of our lemma is now complete. 
We now prove: 
Theorem 1. Let (n(k)) be a sequence of real numbers, 
n(k) 
n(k- 1) =r(k)>M> 1, (k=2, 3, ... ), 
then for almost all ~X, O<~X< 1, the sequence {n(k)tX} is not well distributed. 
Proof: We shall choose m, an integer, so that M>21/m and m>10, 
this last condition ensures that 1/m2 > 2-m+I. This implies 
n(m2(t+ 1)) (2lfm)m2= 2m 
n(m2t) > ' (t= 1, 2, ... ), 
then 
where '1]=m2(q+1), ()=m2(q+p) and r=2-m+l. 
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From our lemma, it is clear that for almost all1X and every p, (p =I, 2, ... ) 
there exists a q=q(1X, p) such that 
I S('YJ, 0)> 2 . m 
However, for a well distributed sequence (x(k)), 
(2) 
I •+:P 
lim - ,! Ico.-r> (x(k)) = 2-m+l, 
p ..... ooP k=r+l 
where -r= 2-m+l, uniformly in r. This contradiction proves our result. 
2. For the subsequence (n(kt)) we define the index sequence (x1) of 
(n(kt)) by the equations 
{ I when j=k~, k2, ... , ki, ... 
xi = 0 otherwise. 
Let us suppose that for some positive integer R, 
I m+:P I 
- ! Xj>- >0 
P i=m+l R 
(3) 
for all m and allp>P. If this is so, we say that the lower density of (n(kt)) 
exceeds IfR. If no such R can be found, we say the lower density is zero, 
see [3]. 
Theorem 2. If (n(k)) is a sequence of real numbers, n(k)>n(k-I), 
(k=2~ 3, ... ), which possesses a subsequence (n(ki)) satisfying 
n(kt) 
-(k ) >M>I, (i=2, 3, ... ) 
n t-1 
and having a positive lower density, then {n(k)1X} is not well distributed 
for almost all 1X, 0 < 1X < I. 
Proof: If the lower density of (n(kt)) is not zero, then (3) implies 
the existence of an integer Q > 0, such that there is at least one member 
of the subsequence n(ki), i=i(r), such that 
(r-I)Q<kt<rQ 
for every r, (r= I, 2, ... ). This implies 
n(2rQ) n(kH2r)) M 
n(2(r-I)Q) > n(kH2r-t)) > ' 
(r=2, 3, ... ).Let 2Q=P and choosem so that M>21/m and Ifm2>P·2-m+l. 
We have 
n(m2P(r+I))>(21/m)m2=2m ( I 2 ) 
n(m2P(r)) ' r= ' ' ··· ' 
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then 
1 0 
S('YJ, ())= ~p 2 Iw . ..->({n(k)cx}) 
m p k~rJ 
where r=2-m+l, 'YJ=m2P(q+1), e=m2P(q+p). From the lemma it is clear 
that for almost all ex and every p, (p = 1, 2, ... ) , there exists a q = q( ex, p) 
such that 
However, for a well distributed sequence (x(k)), relation (3) holds and 
since 1/(m2P) > 2-m+1, we have a contradiction. This completes our proof. 
It would seem reasonable to conjecture that if {n(k)cx} is well distributed 
for almost all ex and 
n(kt) M 1 
---> > 
n(kt-1) 
then the density (see [3]) of the subsequence is zero. 
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